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Abstract

Trajectory planning is a key technology for unmanned aerial vehicles (UAVs) to achieve complex flight
missions. In this paper, a terminal constraints conversion-based Gauss pseudospectral trajectory planning
optimization method is proposed. Firstly, the UAV trajectory planning mathematical model is established with
considering the boundary conditions and dynamic constraints of UAV. Then, a terminal constraint handling
strategy is presented to tackle terminal constraints by introducing new penalty parameters so as to improve the
performance index. Combined with Gauss-Legendre collocation discretization, the improved Gauss
pseudospectral method is given in detail. Finally, simulation tests are carried out on a four-quadrotor UAV
model with different terminal constraints to verify the performance of the proposed method. Test studies
indicate that the proposed method performances well in handling complex terminal constraints and the
improvements are efficient to obtain better performance indexes when compared with the traditional Gauss
pseudospectral method.
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1. Introduction

In recent years, unmanned aerial vehicle (UAV) has been favored by many researchers [1]. Due to its
excellent characteristics of strong mobility, rapid takeoff and landing etc., quadrotor UAV has been
widely applied in both commercial and military areas [2,3], for instance, monitoring and inspection,
power inspection, traffic monitoring, post-disaster rescue, express delivery logistics [4], etc. Therefore,
it is of great significance to study the trajectory planning methods for four-quadrotor UAVs to achieve
the above goals.

With the development of computer science [5-7], optimization methods have been widely used for
UAV trajectory planning. Based on the previous classification, these optimization methods can be divided
into three categories: indirect approaches [8], direct methods [9], and intelligent algorithms [10]. By
analyzing the references, it can be concluded that the characteristic of indirect methods is solving the
optimal control problem by using the transformed two-point boundary value problem (TBVP) [11].

However, the direct methods solve the optimal control problem mainly through the nonlinear pro-
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gramming (NLP) problem obtained by using discrete strategies [12]. Different with the above two
categories, intelligent algorithms employ the intelligent ways to optimize the discretization problems. As
one of the most efficient numerical dynamic optimization approaches, pseudospectral algorithm has the
advantages in terms of convergence domain and convergence speed when compared with other traditional
direct methods [13]. Therefore, pseudospectral method becomes popular in UAV optimal control
applications [14,15]. However, most of the flight path planning methods regard the quadrotor UAV as a
mass point, without considering the flight time and the motion model of the UAYV itself [2]. Meanwhile,
high precision trajectory optimization methods are still needed for complex flight missions. In this paper,
an improved Gauss pseudospectral method (GPM) is proposed to obtain high-precision trajectory plan-
ning for UAVs with big difference terminal position constraints. Firstly, a terminal constraints conversion
strategy is presented to transform the state variables into the performance index. Then, an optimization
frame based on GPM is further given with the use of the transform strategy. Correspondingly, the
implementation steps of the proposed method are introduced in detail. Simulation tests are carried out on
a four-quadrotor UAV model with comprehensively considering the boundary and variable constraints.
Furthermore, the traditional GPM is also employed for comparison.

This paper is organized as follows: Section 2 discusses the UAV trajectory planning model; Section 3
introduces the improved Gauss pseudospectral optimization method, including Gauss-Legendre colloca-
tion discretization, terminal constraints conversion-based Gauss pseudospectral optimization strategy and
algorithm implementation. Section 4 gives the parameters of simulation model and carries out the cases
tests; Section 5 summarizes the work of this paper.

2. UAV Trajectory Planning Model

In this paper, the four-quadrotor UAV is studied, and two coordinate systems are employed to establish
the model of this process. Fig. 1 shows the structure diagram of quadrotor UAV. Meanwhile, two

coordinate systems are employed to establish the trajectory planning model.

Fig. 1. Structure diagram of the four-quadrotor UAV.

(1) Body coordinate system: the origin of coordinates coincides with the centroid of the quadrotor
UAYV, which is used to determine the flight attitude of the drone in the air.
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(2) Inertial coordinate system: the origin of coordinates coincides with the take point of aircraft on the
ground, which is used to determine the space position of the aircraft.

Based on above coordinate systems definition, it can be found that the motion of a four-rotor UAV
includes linear motion along three axes and rigid motion around three axes. Therefore, 12 state variables
are defined as: position (x, y, z), speed (vx, v, v2)!, attitude (¢, 0, w)" and angular velocity (p, g, r)".
Meanwhile, the UAV is assumed as a rigid body with uniform symmetry in mass and shape. Furthermore,
in order to facilitate the design of a trajectory and control system, it is assumed that the quadrotor UAV
hovers or flies with a low speed. Specially, the near-ground effect caused by rotor airflow is ignored.
Under the assumptions of small angle, the angular velocity is approximately expressed as:

w=I[pqr]"=[p6y]", (1

where ¢, 6, and y represent the unmanned aerial vehicle attitude angles. Finally, the nonlinear dynamic

process of the four-rotor UAV is briefly stated as follows:

X=Vy, Y=1y, Z=17,

Uy = [Uy(cos ¢ sinO cos P + sin ¢ siny)|/M

Dy = [U1(cos ¢ sin 8 siny — sin ¢ cos P)|/M

F(x(0),U(t),t) ={ Y, = [Uicospcos 6 — Mg]/M , 2)
p=p 6=q p=r

p = [0z +qr(ly = I)]/Ly, ¢ = [WUs +pr(; — L)]/Iy

7= [U4 + pq(lx - Iy)]/lz

where I., Iy, and I represent the inertia forces of four-rotor UAV corresponding to the three axes, /
represents the action point of lift, M is the mass of UAV, U denotes the control input and g is the

gravitational acceleration. Meanwhile, the four control inputs are obtained by using the follow equation:

U, ky ke ki Ik [wﬂ
ol o~k 0 Ky ||w?
PO=1u|T -k 0 k0 ||e?| ®)
U4 kz _kZ kZ _k2 (1)2

where k1 represents the lift coefficient and k> represents the torque coefficient.

Generally, the trajectory optimization objective of a UAV is to maximize or minimize a specific
performance index under initial and limitation constraints. In this work, the trajectory planning
optimization model mainly considers path and terminal position constraints. Therefore, the UAV
trajectory planning problem is defined as follows.

t

f
minJ = o (x(&|U(6)) +f Lo(x(t|U(®)), U (D)) dt

to

s.t. Dynamic process: Eq. (2), Initial conditions: x(0) = x, “
Path constraints: g(x(t), U(¢t),t) =0
Terminal position constraints: x(t;) = Xe,

where ] is the performance index, g(x(¢), U(?), ¢) is the inequality path constraints, X, and x; ; are the

initial and terminal conditions, respectively.
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3. Improved Gauss Pseudospectral Optimization Method

It is obvious that problem (4) is an optimal control problem. Generally, GPM has been widely used to
solve this kind of problems in recent years [9,16-18]. According to previous references [19-21], it can be
concluded that the Gaussian pseudospectral algorithm converges faster and has a larger convergence
domain when compared with control variable parameterization (CVP) method [22] and iterative dynamic
programming (IDP) method [23]. Thus, GPM can be a candidate strategy for solving problem (4).
However, terminal constraints with big magnitude differences will influence the optimization precision

of GPM. To tackle this issue, an improved GPM is proposed in this paper and is stated below.

3.1 Gauss-Legendre Collocation Discretization
Firstly, introduce a new intermediate variable into problem (4) and then use the following transformation
formula for time scale transformation:

te—t, tett,
t:uT_Fu'
2 2

®)

Thus, the time interval of the trajectory optimization problem is [To, T/=[-1, 1]. Then, problem (4) is

converted into the following standard Bolza problem:

L tr—to (! d
11\1/1(111)1 J= ¢'0(x(-1), to, x(1), tf) + 2 1LO(X(T)r U(),T,to, tf) T

dx tr—t

ﬁ = %F(x(T), U(T), T, to, t;) (©6)
E(x(—1),t,x(1),t;) =0

g(x(T),U(T), T) = 0,T € [-11]

Next, Lagrange interpolation is used to discretize the state variables. Suppose the function values {(T1,
), (T2, 32), =, (Tn+1, yn+1)} are known and N-degree polynomials are then used for interpolation as

follows:
y(T) = Y(T) = L5 Li(T) y;, @)
where the interpolation polynomial L;(T) is:

Li(T) = [TV i, 8
l( ) J—lJilTi_Tl. ( )

Based on Eq. (8), the following property can be obtained:

l,i=j
Li(TJ') =8 = {0 i) )
Furthermore, it is necessary to obtain the value of y; by selecting appropriate discrete points. By

replacing the nodes in the new time interval using the zeros of the Legendre polynomial defined below,

discrete points can be determined.

Gn+1(x) = (.X' - an)Gn(x) - erLGn—l(x)'n = 0'1" .

Go(x) =1, G1(x)=0 (10
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Based on the discussion of Liu et al. [24], Eq. (10) can be solved by using the following Theorem 1.
Meanwhile, the obtained discrete points are named as LG collocation points in this paper.

Theorem 1. Suppose the Legendre polynomial is known as follows:

Gn1(1) = (T — @) Gy (7) =BGy (1), n = 0,1,...

11
Go(T) =1, G_l(T) =0 (1)
The eigenvalues of the following matrix R are the roots of Eq. (11).
a, b,
(bl a; b,
R — '.. . (]2)
() bn—l
b1 any

Remark 1. It should be noted that Theorem 1 has been proved by Liu et al. [24], the proof is thus
omitted in this work. By solving Eq. (12), the roots can be obtained, and the collocation points are then

calculated by using these roots [24].

3.2 Terminal Constraints Conversion-based Gauss Pseudospectral Optimization

By using the obtained LG collocation points, the control and state variables can be simultaneously
approximated by Legendre polynomials. Assuming that the discretization points are N+1 LG nodes, then
the Lagrange interpolation approximation is employed to discretize both the control and state variables.
Correspondingly, the following expression is obtained:

x(T) = X(T) =XM1 L(T)X(T) = XN L(T) X, (13)
U(T) = ZiZ Li(T) U(Ty) = X L(T) Uy, (14)
where X; and U are the values of state vector and control vector at LG collocation point T..

Therefore, based on Eq. (13), the derivative of x at LG discretization points can be easily obtained by
the following equation:

x(T) =~ X(T) = L4 Li(T) X;. (15)

In this work, Li(T) at LG collocation point is defined as follows and calculated by using the following

formula,
%(Ty) = X(Ty) = XM Li(T) X; = X4 B, X, (16)
b(Tk) .
——— k#i
i _ ) b(T)(Te-TD)
Bii = LT =" I a7
2b(Ty)’
b(Ty) = H?’:JEI(Tk -T). (18)

Thus, the following formula is a substitute of Eq. (2):
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W B X; = L F (X U Ti to ) e = 12,0, N + 1, (19)

On this basis, the integral term can be obtained through the following formula:

2 Lo(x(T), U(T), T, to, tr) dT = IN_y wieLo(x(Ty), U(TY), T to, tr), (20)

where wy, is the integral weight and can be obtained based on the study by Liu et al. [24]. By using the

above discretization strategy, problem (6) then is transformed into an NLP problem stated below.

N+1
tr — t
. f 0
)l(\/hl}l ] = (pO(XO' tO'Xf' tf) + TZ WkLO(Xk' Uk' Tk' to, tf)
kYk =1
N+1
tr —to
s.t. Z B X; = F(Xe, U Ty to, ), k=12,..,N+1
' 2
=1 1)

E(Xo, to, Xs, ;) =0
g(Xkr Ukl T) 2 0

X —Xo — 208 X YR Wi By = 0.

It can be found that constraints in problem (6) are discretized simultaneously and are transformed into
distributed constraints at LG points. Especially, the terminal constraints are also tackled as equality
constraints in NLP problem. However, Zhang et al. [25] pointed out that when the terminal values of
constraints are very big, the terminal constraints will not be absolutely satisfied. To tackle this issue, this
work proposes a terminal constraints conversion-based strategy. The improvement idea of this strategy
is to convert the state variables with big order of magnitude differences into the performance index to
make the optimization results more accurate.

Firstly, denoting penalty parameters p;, /=1,..., M to record the difference values of state variables. In
this paper, penalty parameters represent the order of magnitude between the final values of different state

variables and are defined as:
pj = xi’tf/xj,tf, L#], X, # 0. (22)

where x; ¢ ; denotes the final value of the i-th state variable, and x; £ <Xt
To obtain accurate performance index, p; is chosen by the order of magnitude when the final values of
two state variables differ greatly. The handling rules of the proposed strategy are stated as follows.

Case 1: if p;>0.1, it means that the difference between the terminal constraints is not big enough, terminal
constraints do not need to be tackled. Thus, problem (21) is employed to obtain the optimization
results.

Case 2: if 0<p;<0.1, it means that the difference between terminal constraints passes the threshold,
terminal constraints should be tackled. In this work, the terminal constraint of x; . ; is expanded
into the objective function by using the penalty parameter p;. Based on this strategy, problem (21)

is transformed into the following optimization problem:
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N+1 M
tr—t
. f 0
ml}n] = 470(X0, tO’Xf‘ tf) + 2 Z WkLO(Xk' Uk’ Tk: tO' tf) + ZPJX}'N - Xj,tf)
k=1 j=1

N+1
* tf - to
s.t. Z By iX; = F(Xi, Up, Tis to, ) k= 1,2,...,N+1
i=1

2 (23)

E(Xo, to, Xp,tr) =0
g(Xkr Uki T) =0

Xie, — Xo — XA X TR_ wieBye; = 0.

ity

where X; . ; and X; ; denote the terminal values of terminal constraints. By using the proposed strategy,

it can be seen that the terminal constraints in problem (23) are decreased.

3.3 Implementation Steps

Based on above specific descriptions, the detailed implementation steps of the proposed improved
GPM are given. Meanwhile, Fig. 2 shows the flow chart of this method. Specifically, the main steps of
the proposed algorithm are stated below.

Step 1: Establish a dynamic model of the quadrotor UAV and obtain the optimization problem (4).

Step 2: Use time transformation to transform optimization problem (4) into Bolza optimization problem
(6).

Step 3: Employ Gauss-Legendre collocation discretization method to calculate the LG collocation points.
Then, combine the obtained LG collocation points with Legendre polynomials to convert state
equations into equality discrete equations.

Step 4: Discretize control variables and state variables, transform Bolza optimization problem (6) into
NLP problem (21).

Step 5: Terminal constraints conversion check. If 0<p;<0.1, introduce penalty parameter p; to obtain
problem (23), otherwise, reserve problem (21) and go to Step 6.

Step 6: Use gradient-based NLP solver to solve the transformed NLP problem.

Step 7: Output the obtained optimization results.

/ Start:

( UAV trajectory
planning optimization
problem

/ Stop: N\
| Output optimization
results

Time transformation Gradient-based NLP
Problem (4) solver
x
Gauss-Legendre I I
collocation NLP problem NLP problem
discretization (21) (23)

! f

Discretization of No Yes
control variables and
state variables

Fig. 2. Flow chart of the improved Gauss pseudospectral method.
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4. Simulation Tests

The simulation tests are carried out on a quadrotor UAV model to verify the effectiveness of the
algorithm. In addition, the traditional Gaussian pseudospectral method is also employed for comparison.
All simulation tests are implemented in the MATLAB software by using a personal computer with Intel
CORE i5/1.7 GHz CPU processor and DDR3L/1600 MHz 8 GB memory.

4.1 Parameters of Four-Quadrotor UAV

In this test, the performance index of UVA trajectory optimization is to minimize the running time.
The corresponding parameters of the UAV model are given in Table 1. Meanwhile, the position, speed,
attitude, and angular velocity constraints are shown in Table 2. The initial and terminal conditions are

given in Table 3. Furthermore, the optimization parameters of the two methods are set the same.

Table 1. Parameters of four-quadrotor UAV

Item Value
M 0.99 kg
/ 0.23 m
g 9.8 m/s?
L 0.01 kg/m?
I 0.011 kg/m?
L 0.0206 kg/m?
ki 5.5x10° N/(rad?/s?)
ka 3.65x1077 N-m /(rad*/s?)

Table 2. Constraints of four-quadrotor UAV

Item Constraints
Position |x] <120 m
|ly] <120 m
|z| <120 m
Attitude || < m/2
6] < m/2
Y| < m/2
Speed |ve] <10 m/s

|vy| < 10 m/s

|v,| <10 m/s

Angular velocity |p| < 1.7 rad/s
lg| < 1.7 rad/s

|r] < 1.7 rad/s

Table 3. Parameters of initial and terminal conditions

Item Position (m) ¢ (rad) 0 (rad) Y (rad) V (m/s)
Initial conditions (0,0,0) 0 0 0 0
Terminal condition [ (2,100,100) free free free 0
Terminal condition II (2,300,300) free free free 0
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4.2 Cases Test

4.2.1 Terminal condition I test

In this test, 30 LG collocation points are chosen and the terminal position condition I (2,100,100) is
employed. Table 4 shows the simulation results of the proposed procedure and the traditional GPM
method. It can be found that the performance index of the proposed method is 13.4264 seconds, which is
0.16 seconds smaller than that of traditional GPM, revealing that the improvement strategy is efficient.
The optimization position curves of the two methods are shown in Fig. 3. Both methods satisfy the
terminal conditions, while the running time of the proposed method is smaller. Fig. 4 reveals the
corresponding speed curves of the two methods. It is obvious that the speed curves of two methods are
different. Correspondingly, Fig. 5 gives the trajectory curve comparison of the two methods. The

proposed method has better flight trajectory.

Table 4. Performance indexes of the two methods for terminal condition I test

Method LG points NLP solver min J (S)
Traditional GPM 30 FMINCON (Interior-point method) 13.5908
Proposed 30 FMINCON (Interior-point method) 13.4264

Traditional GPM Current work
; T
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b= 00— mm - — — oot o

2
8
T
%
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<
.
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\
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¥
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3
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\
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\
L % 0
é N< x
%
¥
\
%
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% 0
N < x

Time(s) Time(s)

(a) (b)
Fig. 3. Position curves of (a) the traditional GPM and (b) the proposed methods (Terminal condition I
test).
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Fig. 4. Speed curves of (a) the traditional GPM and (b) the proposed methods (Terminal condition I test).
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7/(m)

y/(m)

50

— = = Traditional GPM

-20
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Fig. 5. Trajectory curve comparison of the two methods (Terminal condition I test).

4.2.2 Terminal condition II test

To further verify the performance of the proposed method, terminal condition II test is carried out.

During the test, terminal position condition II (2,300,300) is used. Similarly, the traditional GPM is

employed to make comparisons. Table 5 presents the performance indexes of the two methods. Test

results show that the performance indexes are 36.9176 and 36.4276 seconds, respectively. It can be found
that the proposed method still obtains a better result than that of GPM, further showing that the

improvement is excellent. The obtained optimization position curves of the two methods are revealed in

Fig. 6. The two methods satisfy the terminal conditions well. Compared with Terminal condition I test,

it can be also noted that when the terminal position changes bigger, more flight time is needed. Figs. 7

and 8 show the corresponding speed curves and trajectory curves of the two methods, respectively.

Simulation results reveal the potential application of the proposed method for UAVs with complex flight

missions.

Table 5. Performance indexes of the two methods for terminal condition II test

Method

LG points NLP solver min J (S)
Traditional GPM 30 FMINCON (Interior-point method) 36.9176
Proposed 30 FMINCON (Interior-point method) 36.4276
Traditional GPM Current work
350 T T T 350 T T T
300 R 300 o
250 w,jz""/h 250 3 o
\Ezoo /w**’/« %200 > a .
a A2 * x2 =5 K./" # X2
100 - x3 |1 100 - . x3 |
50 50 el
O o4 ©- - - SeED- 0 ﬂﬁ‘ S oSED
0 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
Time(s) Time(s)
(@ (b)

Fig. 6. Position curves of (a) the traditional GPM and (b) the proposed methods (Terminal condition II

test).
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Fig. 7. Speed curves of (a) the traditional GPM and (b) the proposed methods (Terminal condition II test).
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Fig. 8. Trajectory curve comparison of the two methods (Terminal condition II test).

5. Conclusion

In this paper, an improved trajectory planning optimization method is proposed for quadrotor UAVs.
The complex boundary conditions and dynamic constraints are taken into consideration simultaneously.
Under the frame of numerical optimization approach, a terminal constraints-handling strategy combined
with Gauss pseudospectral optimization is proposed for tacking terminal constraints with big differences.
Simulation tests show that the proposed method performances well in handling UAV trajectory planning
problems with complex terminal constraints. Meanwhile, compared with the traditional GPM, the
superiority of the improved method is verified. Test results show that better performance indexes can be
obtained by the proposed method, revealing the potential application value of improvement for UAV
trajectory planning. Extensions of the proposed method are to develop energy recovery velocity planning
methods for four-quadrotor UAVs with complex path constraints.

Acknowledgement

This paper is sponsored by the National Natural Science Foundation of China (No. 61803060) and the
Innovation and Application Project of Chongqing (No. cstc2020jscx-msxmX0181).

J Inf Process Syst, Vol.19, No.5, pp.563~575, October 2023 | 573



Improved Gauss Pseudospectral Method for UAV Trajectory Planning with Terminal Position Constraints

References

[1] F.Santoso, M. A. Garratt, and S. G. Anavatti, “Hybrid PD-fuzzy and PD controllers for trajectory tracking of
a quadrotor unmanned aerial vehicle: autopilot designs and real-time flight tests,” IEEE Transactions on
Systems, Man, and Cybernetics: Systems, vol. 51, no. 3, pp. 1817-1829, 2021. https://doi.org/10.1109/TSMC.
2019.2906320

[2] B. Zhang, Q. Zong, H. Lu, and S. Shao, “Trajectory optimization of quand-rotor UAV formation Using
hp-adaptive pseudospectral method,” Scientia Sinica Technologica, vol. 47, no. 3, pp. 239-248, 2017.
https://doi.org/10.1360/N092016-00198

[3] M. Wen, J. Park, and K. Cho, “A scenario generation pipeline for autonomous vehicle simulators,” Human-
centric Computing and Information Sciences, vol. 10, article no. 24, 2020. https://doi.org/10.1186/s13673-
020-00231-z

[4] J. H.Park, M. M. Salim, J. H. Jo, J. C. S. Sicato, S. Rathore, and J. H. Park, “CloT-Net: a scalable cognitive
IoT based smart city network architecture,” Human-centric Computing and Information Sciences, vol. 9,
article no. 29, 2019. https://doi.org/10.1186/s13673-019-0190-9

[5] M.J.Ding, S.Z.Zhang, H. D. Zhong, Y. H. Wu, and L. B. Zhang, “A prediction model of the sum of container
based on combined BP neural network and SVM,” Journal of Information Processing Systems, vol. 15, no.
2, pp- 305-319, 2019. https://doi.org/10.3745/JIPS.04.0107

[6] Y. Wang, H. Tao, and Z. Ma, “Symbiotic organisms search for constrained optimization problems,” Journal
of Information Processing Systems, vol. 16, no. 1, pp. 210-223, 2020. https://doi.org/10.3745/JIPS.01.0049

[7]1 S.S. Alresheedi, S. Lu, M. Abd Elaziz, and A. A. Ewees, “Improved multiobjective salp swarm optimization
for virtual machine placement in cloud computing,” Human-centric Computing and Information Sciences,
vol. 9, article no. 15, 2019. https://doi.org/10.1186/s13673-019-0174-9

[8] O. Cots, J. Gergaud, and D. Goubinat, “Direct and indirect methods in optimal control with state constraints
and the climbing trajectory of an aircraft,” Optimal Control Applications and Methods, vol. 39, no. 1, pp.
281-301, 2018. https://doi.org/10.1002/0ca.2347

[9] M. Khaksar-e Oshagh and M. Shamsi, “Direct pseudo-spectral method for optimal control of obstacle
problem: an optimal control problem governed by elliptic variational inequality,” Mathematical Methods in
the Applied Sciences, vol. 40, no. 13, pp. 4993-5004, 2017. https://doi.org/10.1002/mma.4366

[10] C.Kang, S. Wang, W. Ren, Y. Lu, and B. Wang, “Optimization design and application of active disturbance
rejection controller based on intelligent algorithm,” IEEE Access, vol. 7, pp. 59862-59870, 2019.
https://doi.org/10.1109/ACCESS.2019.2909087

[11] R. Rishel, “Application of an extended Pontryagin principle,” /EEE Transactions on Automatic Control, vol.
11, no. 2, pp. 167-170, 1966. https://doi.org/10.1109/TAC.1966.1098286

[12] A. Zanelli, A. Domabhidi, J. Jerez, and M. Morari, “FORCES NLP: an efficient implementation of interior-
point methods for multistage nonlinear nonconvex programs,” International Journal of Control, vol. 93, no.
1, pp. 13-29, 2020. https://doi.org/10.1080/00207179.2017.1316017

[13] B. Luo, Y. Yang, D. Liu, and H. N. Wu, “Event-triggered optimal control with performance guarantees using
adaptive dynamic programming,” IEEE Transactions on Neural Networks and Learning Systems, vol. 31, no.
1, pp. 76-88, 2020. https://doi.org/10.1109/TNNLS.2019.2899594

[14] G. H. Lu, J. Xia, and R. Zhou, "4D tactical trajectory tracking of UAV based on autonomous planning,"
Missiles & Space Vehicles, vol. 2018, no. 4, pp. 56-64, 2018.

[15] L. Xiao, J. Ying, X. Liu, and L. Ma, “An effective simultaneous approach with variable time nodes for

dynamic optimization problems,” Engineering Optimization, vol. 49, no. 10, pp. 1761-1776, 2017.
https://doi.org/10.1080/0305215X.2016.1270276

[16] M. E. Dennis, W. W. Hager, and A. V. Rao, “Computational method for optimal guidance and control using
adaptive Gaussian quadrature collocation,” Journal of Guidance, Control, and Dynamics, vol. 42, no. 9, pp.
2026-2041, 2019. https://doi.org/10.2514/1.G003943

574 | J Inf Process Syst, Vol.19, No.5, pp.563~575, October 2023


https://doi.org/10.1109/TSMC.2019.2906320
https://doi.org/10.1109/TSMC.2019.2906320
https://doi.org/10.1186/s13673-020-00231-z
https://doi.org/10.1186/s13673-020-00231-z

Qingquan Hu, Ping Liu, and Jinfeng Yang

[17] Y. M. Agamawi and A. V. Rao, “CGPOPS: a C++ software for solving multiple-phase optimal control pro-
blems using adaptive gaussian quadrature collocation and sparse nonlinear programming,” ACM Transac-
tions on Mathematical Sofiware (TOMS), vol. 46, no. 3, article no. 25, 2020. https://doi.org/10.1145/3390463

[18] M. Nategh, B. Vaferi, and M. Riazi, “Orthogonal collocation method for solving the diffusivity equation:
application on dual porosity reservoirs with constant pressure outer boundary,” Journal of Energy Resources
Technology, vol. 141, no. 4, article no. 042001, 2019. https://doi.org/10.1115/1.4041842

[19] Y. X. Li, X. Li, S. B. Liu, and P. Kang, “Application of gauss pseudo-spectral method in trajectory
optimization of variable trust missile,” Modern Defence Technology, vol. 47, no. 3, pp. 71-77, 2019.

[20] J. Huang, Z. Liu, Z. Liu, Q. Wang, and J. Fu, “A pk-adaptive mesh refinement for pseudospectral method to
solve optimal control problem,” /EEE Access, vol. 7, pp. 161666-161679, 2019. https://doi.org/10.1109/
ACCESS.2019.2952139

[21] B. Zhang, Q. Zong, L. Dou, B. Tian, D. Wang, and X. Zhao, “Trajectory optimization and finite-time control
for unmanned helicopters formation,” /EEE Access, vol. 7, pp. 93023-93034, 2019. https://doi.org/10.1109/
ACCESS.2019.2927817

[22] Z. Ren, C. Xu, Z. Wu, and X. Liu, “Optimal tracking control of flow velocity in a one-dimensional
magnetohydrodynamic flow,” Engineering Optimization, vol. 51, no. 1, pp. 1-21, 2019. https://doi.org/
10.1080/0305215X.2018.1426759

[23] S. Li, Y. Ge, and Y. Shi, “An iterative dynamic programming optimization based on biorthogonal spatial-
temporal Hammerstein modeling for the enhanced oil recovery of ASP flooding,” Journal of Process
Control, vol. 73, pp. 75-88, 2019. https://doi.org/10.1016/j.jprocont.2018.12.008

[24] P. Liu, Y. Hu, J. Liao, L. Fan, X. Li, and X. Liu, “Optimization operation of electric locomotive based on two-
stage adaptive Gauss re-collocation pseudospectral approach,” Acta Automatica Sinica, vol. 45, no. 12, pp.
2344-2354,2019.

[25] M. Zhang, Y. Sun, and G. Duan, “Reentry trajectory optimization of hypersonic vehicle with enhancing

parametrization method,” in Proceedings of 2010 3rd International Symposium on Systems and Control in
Aeronautics and Astronautics, Harbin, China, 2010, pp. 40-45. https://doi.org/10.1109/ISSCAA.2010.563
3024

Qingquan Hu https://orcid.org/0000-0003-0952-9683

He received his bachelor’s degree in 2015 and is now studying for a master’s degree
in control engineering from the School of Automation, Chongqing University of Posts
and Telecommunications, Chongqing, China. His current research interests include
optimization control and trajectory optimization.

Ping Liu https:/orcid.org/0000-0002-6086-3225

He received his B.S. degree from North China Electric Power University in 2012 and
the Ph.D. degree in control science and engineering from Zhejiang University, China,
in 2017. He is currently an associate professor in the College of Automation, Chongqing
University of Posts and Telecommunications, Chongqing, China. His research interests
include optimal control and dynamic optimization of complex systems, trajectory
optimization.

Jinfeng Yang https://orcid.org/0000-0001-5996-1381

She received her M.S. degree from Chongqing Jiaotong University in 2015. She is
currently a lecture in Department of Track and Electrical Engineering, Chongqing
Jianzhu College, Chongqing, China. Her research interests include intelligent transpor-
tation and control theory.

J Inf Process Syst, Vol.19, No.5, pp.563~575, October 2023 | 575


https://doi.org/10.1109/ACCESS.2019.2952139
https://doi.org/10.1109/ACCESS.2019.2952139
https://doi.org/10.1109/ACCESS.2019.2927817
https://doi.org/10.1109/ACCESS.2019.2927817
https://doi.org/10.1080/0305215X.2018.1426759
https://doi.org/10.1080/0305215X.2018.1426759
https://doi.org/10.1109/ISSCAA.2010.5633024
https://doi.org/10.1109/ISSCAA.2010.5633024


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


