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Abstract

The degree of dispersion of a random variable can be described by the variance, which reflects the distance of
the random variable from its mean. However, the time complexity of the traditional variance calculation
algorithm is O(n), which results from full calculation of all samples. When the number of samples increases or
on the occasion of high speed signal processing, algorithms with O(n) time complexity will cost huge amount
of time and that may results in performance degradation of the whole system. A novel multi-step recursive
algorithm for variance calculation of the time-varying data series with O(1) time complexity (constant time) is
proposed in this paper. Numerical simulation and experiments of the algorithm is presented and the results
demonstrate that the proposed multi-step recursive algorithm can effectively decrease computing time and
hence significantly improve the variance calculation efficiency for time-varying data, which demonstrates the
potential value for time-consumption data analysis or high speed signal processing.
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1. Introduction

1.1 Overview

Variance is one widely used parameter for describing the characteristics of a signal. With the
development of information technology, the speed and frequency of communication is increasing and the
needing for high speed signal analysis and processing is keeping up. Besides, various kinds of large-scale
and fine-grained data in different fields such as medical, transportation, education, energy, aerospace,
etc., have been generated and collected, and needing processing efficiently.

Some common basic statistics need to be calculated during data analysis to describe some basic related
statistical characteristics of the data. Among them, the mean and variance of data [1] are two commonly
used basic statistics. The former reflects the information of the overall center position, and the later
reflects the overall dispersion. Furthermore, there are other commonly used statistics, such as sample
standard deviation, sample skewness, sample kurtosis, and so on, which are also widely used in different

aspects of society.
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1.2 Literature Review

According to the brief review of different kinds of literature, the variance and the mean value of a
signal is commonly analyzed in practical problems. For example, sample variance is identified in nonlinear
systems [2], automatic detection [3,4], financial and corporate decision-making, investment [5-11],
analysis of variance [12-15], image and pattern recognition [16-19], linguistic analysis [20-22] and other
fields.

It can be seen that mean and the variance value plays an extremely important role in data analysis.
However, in most cases, the variance is calculated by theoretical definition. Not only does this approach
require access to the entire data sequence for each computation, but it also requires more storage resources.
However, when calculating the variance of time-varying data with large data capacity and real-time
updates of data, it not only wastes the storage resources of the computer but also fails to output the
calculated results in time. Therefore, many improved algorithms for variance calculation have been
proposed.

Chen and Gao [23] took the derivative of each parameter in the k-order origin moment of the usual
discrete distribution, and obtained the unified recursive formula for the k-order origin moment of
binomial distribution, Poisson distribution and geometric distribution through identical deformation.
Chen [24] also used the derivative method to derive the recursive formula of the k-order origin moment
of binomial distribution, Poisson distribution, and geometric distribution with differential form, and gave
the recursive formula of the k-order origin moment of the general form of these three distributions.
Similarly, Chen and Ma [25], with the help of the derivation strategy, proposed a new formula for
calculating k-order central moment in general form, according to the recursive formula of the k-order
central moment in the differential form of binomial distribution, Poisson distribution, and geometric
distribution. By constructing a special class of polynomials and series, Chen [26] proposed a new unified
formula for calculating the k-order central moment of binomial distribution, Poisson distribution, and
geometric distribution. In the study of Fan [27], he introduced in detail the recursive method to calculate
the sample mean, variance, and covariance after the change of sample size.

Based on filtering and smoothing, Liu and Sun [28] proposed an efficient method for calculating the
variance of non-zero mean data. Deng et al. [29] first proposed a one-step recursion method of variance
by studying the classical variance algorithm. The algorithm can efficiently calculate the variance of the
data sequence whose observed data capacity changes rapidly. However, some special data sequences
have a fixed length, and the observed values change in real-time, such as satellite timing system and real-
time data analysis [30-33]. At this time, the classical definition algorithm and the improved algorithm
proposed in the above literature also have some shortcomings in dealing with this problem.

For the above problem, the existing literature has not proposed an effective calculation method.
Therefore, the main work of this paper is as follows. Firstly, the recursion method proposed in [29] is
briefly reviewed. Then, a one-step recursive formula is proposed to dynamically calculate the variance
of this special sequence. Secondly, based on one-step recursion formula, it is extended to a more general
case. Namely, the one-step recursion formula is extended to multi-step recursion. Then, through numerical
experiments, the one-step recursive formula and multi-step recursive formula are compared with the

algorithm proposed in [29] for calculation error and calculation time. At last, this paper is summarized.
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2. Variance Recursion Formula with the Variable Sequence Length

In this section, we prove the one-step recurrence formula proposed by Deng et al. [29] so as to introduce

the variance recursion formula.

Definition 2.1. Let F, :(ﬂfz.ﬂ;“fn,,_f,,) be a variable-length data sequence, F, is the mean of the

sequence, and its formula is
S ey

Theorem 2.1. Let F, and F, be as described in Definition 2.1, from which the recursive expression

of F and F,_ can be obtained as

n

F;:}_:;:—l+fn_F;H' (2)
n
Proof.
Fols S, —l[(nfl)}? 1]
n nl:] i n P i n n n-1 n

- 3

2
Theorem 2.2. Let the variance definition formula be :LZ( f- F) , and then we can get the
T &

variance recursion formula with the variable sequence length

(f-F.)
V=", e @)
-1 n
Proof. 1t can be obtained from the calculation formula of the definition of variance
1 n-1 _ 2
V . = —F_ ). 5
n-1 n_le:l:(f; nfl) ( )
Formula (4) is expanded to obtain
1 n _ 2 1 n-1 _ 2 —\2
Vy=—=2(fi-F) = (£i-F) (£,-F)
n—143 n—143 n— )

1 n=l1 _ _ 1 _ _
:nilg(ﬁz+Fn272y,ﬂFm)+n71(ff+Fn2—2anﬂ)2.

Combined with the mean recurrence formula (3), the above Eq. (6) can be written as
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iy (5 (55 .

Finally, by combining Egs. (7) and (5), the recurrence formula of variance with variable sequence

length can be obtained

®)

According to the Egs. (3) and (8), it is possible to quickly calculate the variance and mean of a
numerical sequence whose length is constantly changing, which saves computing time and computer

storage resources to a large extent.

3. Variance Recursion Formula Based on Sliding Window
Mechanism

In some cases, there are data updates with invariant sequence length, but at that time, the variance
recursion method with variable length cannot effectively calculate the variance of such data. For
calculating the variance of such data, a one-step recursive formula for variance is derived using the idea
of sliding windows. In addition, based on this, the formula is generalized to obtain an N-step recursive

formula for calculating variance. Next, we first prove a one-step recursive formula.

3.1 The Recursion Formula of One-Step
Definition 3.1. Let the observation data sequence be S = (Sl,s2,~~~,sn,],sn) , then S is an n-dimensional

vector. Hence, the mean of the sequence is E(S) = y:lZsi , and the variance is V' (S) = - 1Z(S, -u).
" -

i=1 i=l

Let S=(s,,5,,-.5,.,5,) be S, and S,,, respectively in the k and k +1 states, then the variance of
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the sequence in the k and k +1 states are V, and V,,,, respectively. And the calculation expression is as

+1

follows

J 2
V($)=,32 (si=m) ©)

Via ( :TZ( ) - (10)

Inthe k state, let S; replace §; inthe data sequence to get the data sequence S,,, = (sl,sz,- . -,s,,fl,sn)

in the state k +1, where s, = s:. .

Theorem 3.1. Let 4, and g, .., V,,(S) and V,,.,(S) represent the mean and variance of the one-

step recursive variance algorithm for the sequence in the k& and k+1 states, respectively. Then the

following conclusions are established

[(1 - )S*A 7(1 +n)s/. +2n,u|_k]

n(n—l)
(s -5 a
=V, (8)+ n(/nflf) [(n—l)s:. +(n+1)s}. —2)’!/117/{].
Proof. 1t follows from formulas (9) and (10)
(n - ])Vl,k (Sk) = Z(s[ ~Hix )2
2 - 2 2 2 (12)
:(Sl _lur]n) +(s2 _ﬂl,k) +"'+(s/ _lu],k) +"'+(Sn _lu],k) ’
(n 7])V].k+] (S/m) = Z(Si ~Hign )2
=l (13)
2 2 * 2 2
:(sl _ﬂum) +(Sz _/11,1”1) +"'+(s/ _/lum) +"'+(Sn _/lum) :
The difference between Eqs. (15) and (16) is obtained as follows:
(n=)V4(S)=(n =171 (Si)
(”(ﬂ] ) =25t =28, — ..._an/’l]./()+sjz'
(n(ﬂl k+l) =281 o = 28,0 4 _"'_zsnﬂl‘kﬂ)_(s;)z
=|n u]_,‘) —2,ulk(sl+s2+---+sn,]+s,,)]+s/2. (14)

:n(le) —n(/l],k) +s/2_(s;)2'
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When the length of the sequence is fixed, the recurrence formula of the mean is

*
S Sj

(15)

Mg ™Hig —
Bringing the mean recurrence formula (15) into Eq. (14), the intermediate process is as follows:

(=1 (8) = (n =1V r (S

2 5 )2
=n lulk+] (:u]k) +5; 7(*5‘;)

[ﬂ.k j (i) 5 ()
s*,z 2lks/. sj—s; >, 2
[m ] 2 )]—n(m) +s57=(s7) (16)

n

:L{(ﬂw)z{s/—s:]z+zm<sj—stqn<ﬂl,k>2+(sz—<s:f>2)

n n n-l "
_ (Sf _s”)[s/. —St +2n4, , —n(s/. +S:):|'

Simplification of the formula (16) to obtain a fast-recursive formula of the variance of fixed-length

sequences

14

() =T (S (ns(jn—sig[(l_n)s;_(nn)sj+2n;zhk]
(S: N

}’l(l’l

(17)
=Vie(Se)+

{))[(n—l)s; +(n+1)s; —2”#1,/{}
Thus Theorem 3.1 is proved.

3.2 The Recursion Formula of N-Step

Since the one-step recursive algorithm in the previous section has certain limitations in its use, it can
only calculate the dynamic variance under a data change, so we generalize it to the N-step recursion.

Theorem 3.2. Let S, and S,,, be as described above, and the N-step variance recursion formula of

the data sequence from k£ to k+1 is

[ZN:(si*_si)J Zyv,{z’v:(sv*—si) | & 5 18
Vi o (Sk+l): VN,k(Sk)7 = - = 7_2(81'2 7(sf*)k ) (%)

n(n-1) n—1 n—1%

where, fy, and Hy ., V,, and V,

v Tepresent the mean and variance of the N-step variance

recursion algorithm for the data sequence in the £ and k+1 states, respectively. Specifically, Ay k+1is

defined as
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$(5-0)
Hy g1 = By im = . (19)

Proof. Let the formula for calculating the mean and variance of the data sequence in the state k are as

follows
1 n
Vi (Sk ) = » Z(s[ ~Hyi )2- (20)

Suppose that the data sequence (sI ,S;,"',Sl*\,) of length N(1<N<n) is used to replace the data

sequence (s],sz,- . ',SN) of the same length in S, , and the new data sequence S,,, in the state of £ +1

is obtained, and the variance of the sequence is set as

1 & 2
VN,k+l(Sk+l): o1 (Si _:uN,kH) . 2D
=

It can be obtained from Egs. (20) and (21),

n

(” - ])VN,k (Sk) = Z(si ~Hyx )2

=l 22)
2 2 2
:(sl 7;uN.k) +"'+(SN 7/11\/,1() +“.+(sniluNek) >
(” - 1)VN,k+1 (Sk+l) = Z(Sf ~ My g )2
= 23)
= (Sl* _ﬂN,kn)h Tt (S: = Hy e )h +"'+(sn _ﬂN_/m)h'
The difference between Egs. (22) and (23) is obtained
(=P, (S) = (n=1)Vy 4t (See)
(”(,Uw( =28 My i — "'_ZSN,UN./c_"'_zsn/UN.k) ZS + Z S;
i=N+1
(” Hy k+l 2slluzvk+| .“_ZS*NIUN,/HI _"'_2sn;uN,k+l) Z( ) Z Si
i=1 i=N+1
N
n( ey ) =2y (5, + 8, + sy +ots,  +s, }+ s;
Hy i Hy x (1 2 N 1 ) ; (24)

|

Tl -2t (5 s s s o) |3
(n sy, ) =2y, ))+is37(n(uw,k+l)2* 20( ) ) - i( )
) =l 3 (575 )

i=

Simplify the multivariate variance recursion calculation formula by simplification Eq. (24), then
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2 2 1 &y, 02
V]V,k+](SI<+I):VJ\’,k(Sk)ii(luN,kH) +L(:u/v.k) 7TZ:1:(S" 7(51' ) ) (25)

n—1 n—1 n—1%
When the length of the sequence is fixed, the mean in the k state is calculated as

S S, Sy o ts,
o= - . 26)

The mean calculation formula in the £ +1 state is

* * *
S, S Fobsy Foets,
Hy gt = p : 27)

From the above Egs. (26) and (27), the N-step mean recurrence formula can be obtained, which is

calculated as follows

N

2.(s -5 (28)

_ i=1
Hy 1 = Hy i
n

Bring Eq. (28) into Eq. (25) to get the N-step variance recursion calculation formula.
N . 2 N
Z(Sv 7Si)j 2:“N,/c2(51 _si) 1 X
_ i=1

VN.k+1(Xk+1)=VN.k(Sk)—["n(n_l) =8 _ﬁ;(sz _(s,.*)z), (29)

Thus Theorem 3.2 is proved.

4. Numerical Simulation

The main content of this section is to verify the accuracy and efficiency of the recursive formula
proposed in this paper through numerical experiments. The sample data used for this numerical

experiment is divided into two groups, each containing 20,000 random numbers between (-1,1).

4.1 Comparison of the One-Step Recursive Algorithm

For the random sequence used for the one-step recursive algorithm comparison, the method of random
replacement is used. Randomly replace one data in the sequence each time, and then use the defined
algorithm, the algorithm proposed by Deng et al. [29] and the recursive algorithm proposed in this paper
to calculate the variance of the sequence. A total of 40 replacement operations are performed. Record the
calculation time used each time and compare it with the definition algorithm and the Deng's algorithm.
The calculation results of the one-step recursive algorithm compared with the other two algorithms are
shown in Figs. 1 and 2. As can be seen from the Fig. 1, the algorithm proposed in this paper has higher
time efficiency than the traditional definition algorithm and Deng's optimization algorithm. From Fig. 2,
the calculation accuracy of the proposed algorithm is also higher than that of Deng's optimization

algorithm.
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0. 008
—&— Definitional algorithm

. —e— Algorithm in literature [29]
| —4A— One-step window recursive algorithm
0.0064 |

0. 004 %

0. 002

Calculation results/seconds

I
\J

\ "
%:Wa-aummui’

T T T T T T T T T 1
0 5 10 15 20 25 30 35 40 45

Number of experimental groups

0. 000

Fig. 1. Time efficiency comparison of three algorithms (one-step recursive algorithm).
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Fig. 2. Calculation accuracy comparison (one-step recursive algorithm).

4.2 Comparison of the N-Step Recursive Algorithm

Similar to the previous section, this section mainly studies the comparison of three different algorithms
when the N-step of the data sequence is updated. For the random sequence used to compare the N-step
recursive algorithm, the number of data replaced at each time in the sequence satisfies an arithmetic
sequence with 500 as the first term and 500 as the tolerance. Then, the classical definition formula, the
recursive formula proposed by Deng, and the newly proposed N-step recursive formula are used to
calculate the variance of this dynamically changing random sequence. And the time consumption and
calculation error of the three algorithms are recorded in each calculation. The calculation results of the
N-step recursive algorithm and comparison with the other two algorithms are given in Figs. 3 and 4. As
can be seen from the figures, when the sequence length is fixed, and the data is dynamically updated and
replaced multiple times, the time efficiency and calculation accuracy of the N-step recursive algorithm

are better than the definition algorithm and the improved algorithm of Deng et al. [29].
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This numerical experiment clearly shows that the recursive formula proposed in this paper has
advantages that other algorithms do not have when calculating the variance of the time-varying data series
with a constant sample size. By introducing the idea of sliding windows, the efficiency of calculating the
variance of such data series is greatly improved.

0.007 7 —a&— Definitional algorithm
] —o— Algorithm in literature[29]
0.006 “ —A— N-step window recursive algorithm
= \
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Fig. 3. Time efficiency comparison of three algorithms (N-step recursive algorithm).
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Fig. 4. Calculation accuracy comparison (N-step recursive algorithm).

5. Conclusion

For a sequence data with fixed length and fast updating of data, the traditional algorithm using classical
definition will cost large time and resource consumption due to O(n) time complexity and frequent access

to the computer disk, which may cause performance degradation of the whole system. However, the N-
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step sliding recursion formula proposed in this paper does not need to read the entire data sequence from
the computer disk each time after the data is updated. Instead, the variance of the updated sequence can
be directly calculated based on the results of the previous calculation and the current updated data, which
shortened the calculation time from O(n) to O(1) time complexity. It can not only improve the time
efficiency but also greatly save the storage resources of the computer, making the data analysis real-time
and low-cost. In addition, this type of recursion can be extended to the calculation of kurtosis and skews,
or the calculation of higher-order origin moments and central moments, which demonstrates the potential

value for time-consumption data analysis or high speed signal processing.
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